Abstract. Inspired by the tropical duality in cluster algebras, we introduce cvectors for finite-dimensional algebras via τ -tilting theory. Let A be a finitedimensional algebra over a field k. Each c-vector of A can be realized as the (negative) dimension vector of certain indecomposable A-module and hence we establish the sign-coherence property of this kind of c-vectors. We then study the positive c-vectors for certain classes of finite-dimensional algebras. More precisely, we establish the equalities between the set of positive c-vectors and the set of dimension vectors of exceptional modules for quasitilted algebras and representation-directed algebras respectively. This generalizes the equalitites of c-vectors for acyclic cluster algebras obtained by Chávez. To this end, a short proof for the sign-coherence of c-vectors for skew-symmetric cluster algebras has been given in the appendix.
introduction
The c-vectors and g-vectors introduced by Fomin-Zelevinsky [15] are two kinds of integer vectors, which have palyed important roles in the theory of cluster algebras with coefficients. Both the vectors are conjectured to have a so-called signcoherence property [15] . For skew-symmetric cluster algebras, Nakanishi [29] noticed a so-called tropical duality between c-vectors and g-vectors (cf. also [23, 28, 32] ).
With the assumption of sign-coherence of c-vectors, the tropical duality between c-vectors and g-vectors has been further generalized to skew-symmetrizable cluster algebras by Nakanishi and Zelevinsky [31] . Moreover, they showed that many properties/conjectures of cluster algebras follow from the tropical duality and hence follow from the sign-coherence of c-vectors. The sign-coherence conjecture is still open for general cluster algebras. But we do know that it holds for all the skew-symmetric cluster algebras due to the work of Derksen-Weyman-Zelevinsky [14] , Plamondon [32] and Nagao [28] . All of the proofs involve the representation theory of algebras associated to quivers with potentials and no combinatorial proof is yet known.
On the other hand, c-vectors may be seen as a generalization of root systems. It follows from Nagao's work [28] that each c-vector of a given skew-symmetric cluster algebra can be realized as the (negative) dimension vector of certain exceptional module for the associated Jacobian algebra. In particular, the set of c-vectors of an acyclic cluster algebra is a subset of real Schur roots for the corresponding KacMoody algebra. In [11] , Chávez showed the inverse inclusion is also true for acyclic cluster algebras (cf. also [33] ). Moreover, he also proved in [12] that the set of positive c-vectors of a skew-symmetric cluster algebra of finite type coincides with the set of dimension vectors of all the exceptional modules over the corresponding representation-finite cluster-tilted algebra. Nakanishi and Stella [30] gave a diagrammatic description of c-vectors for cluster algebras of finite type. They proposed the root conjecture for any cluster algebras: for any skew-symmetrizable matrix B any c-vector of the cluster algebra A(B) is a root of the associated Kac-Moody algebra g(A(B)) , where A(B) is the Cartan counterpart of B.
In this paper, we pursue the representation-theoretic approach to study c-vectors.
We introduce the notion of c-vectors for any finite-dimensional algebras via τ -tilting theory introduced by Adachi-Iyama-Reiten [3] . Let A be a finite-dimensional algebra over a field k. In [3] , the authors showed that the indices ind(M, Q) of a basic support [26, 6] , we show the sign-coherence property holds for this kind of c-vectors. When the algebra A is a 2-Calabi-Yau tilted algebra, it follows from [16] and the tropical duality that the c-vectors we obtained here do coincide with the c-vectors for the corresponding cluster algebra.
Let us mention here that, as a generalization of cluster algebras, Caldero-Chapoton algebras has been introduced in [10] for an arbitrary basic algebra, we hope that the c-vector we introduced here may provide new perspective in the investigation of Caldero-Chapoton algebras for finite-dimensional algebras.
The paper is organized as follows: After recall some definitions and basic properties related to τ -tilting theory in Section 2, we introduce the definition of c-vectors for finite-dimensional algebras in Section 3. We show that each c-vector can be realized as the (negative) dimension vector of certain indecomposable module and establish the sigh-coherence property for c-vectors. Moreover, the relationship between positive c-vectors and negative c-vectors are also given. Section 4.1 is devoted to study the c-vectors for quasitilted algebras. We show that the set cv + (A) of positive c-vectors for a quasitilted algebra A coincides with the set exdv(A) of dimension vectors of exceptional A-modules. This generalizes the equalities for acyclic algebras established by Chávez [11] . These equalities also implies that an indecomposable Amodule M of the quasitilted algebra A can be completed to a 2-term simple-minded collection of A if and only if M is an exceptional module (we refer to [6] for the definition of 2-term simple-minded collections). In Section 4.2 and 4.3, we also establish the equalities between the set cv + (A) of positive c-vectors and the set exdv(A)
of dimension vectors of exceptional modules for representation-directed algebras and cluster-tilted algebras of finite type respectively. A short proof for the sign-coherence of c-vectors for skew-symmetric cluster algebras has been given in Appendix A.
Notations. Throughout this paper, k denotes an algebraically closed field, A a finite-dimensional basic k-algebra. All modules are right modules. Let C be a category over k, for an object M ∈ C, denote by add M the full subcategory of C whose objects are direct summands of finite direct sum of M.
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Recollection
In this section, we recall some definitions and basic properties of (support) τ -tilting modules and (2-term) silting objects. We mainly follow [3, 4, 26] .
2.1. Support τ -tilting modules. Let A be a finite-dimensional algebra over k and mod A the category of finitely generated right A-modules. Let S 1 , · · · , S n be all the pairwise non-isomorphic simple A-modules and P 1 , · · · , P n the corresponding projective covers of S 1 , · · · , S n respectively. Denote by τ the Auslander-Reiten translation of mod A.
Note that τ -rigid implies rigid, but the converse is not true in general.
A τ -rigid pair is (M, P ) with M ∈ mod A and P a finitely generated A-modules, such that M is τ -rigid and Hom A (P, M) = 0. A τ -rigid pair is called support τ -tilting pair if |M| + |P | = n, where |X| denotes the number of non-isomorphic indecomposable direct summands of X. In this case, M is a support τ -tilting Amodule and P is uniquely determined by M.
Recall that a full subcategory T of mod A is a torsion class of mod A provided that T is closed under quotients and extensions. An object X ∈ T is Ext-projective if Ext 1 A (X, T ) = 0. A torsion pair (T , F ) is uniquely determined by its torsion class T in the sense that F = ⊥ T := {N ∈ mod A| Hom A (M, N) = 0 for all M ∈ T }.
A torsion pair (T , F ) is functorially finite provided that T is functorially finite, equivalently, there is an object X ∈ mod A such that T = Fac X, where Fac X is the subcategory of mod A formed by quotients of finite direct sum of X. Let P (T ) be the direct sum of one copy of each of the indecomposable Ext-projective objects in T up to isomorphism. It is well-known that T = Fac P (T ). The following result due to [2] will be used frequently (cf. Theorem 5.10 in [2] ).
Proposition 2.1. Let A be a finite-dimensional algebra over k. If M is a τ -rigid A-module, then Fac M is a funtorially finite torsion class and M ∈ Fac M is Ext-
Let f-tors A be the set of isomorphism classes of functorially finite torsion classes of mod A and sτ -tilt A the set of isomorphism classes of basic support τ -tilting A modules. It has been shown [3] that the support τ -tilting A-modules are closely related to the functorially finite torsion classes of mod A. Namely, we have the following bijection (cf. Theorem 2.7 of [3] ).
Theorem 2.2. Let A be a fintie-dimensional algebra over k. There is a bijection between sτ -tilt A and f-tors A given by
and its inverse is given by T → P (T ), where T ∈ f-tors A.
Silting objects.
Let A be a finite-dimensional algebra over k and
the bounded derived category of finitely generated right A-modules with suspension functor Σ. Recall that n is the number of pairwise non-isomorphic simple A-modules.
Let per A be the perfect derived category of A, that is the smallest thick subcategory of D b (mod A) containing the object A. An object Q ∈ per A is called presilting if Hom per A (Q, Σ i Q) = 0 for all i > 0. A presilting object Q ∈ per A is called a silting object provided moreover thick(Q) = per A, where thick(Q) is the smallest thick subcategory of per A containing Q. It has been proved in [4] that each basic silting object has exactly n indecomposable direct summands. A presilting object P is called almost silting if the number of non-isomorphic indecomposable direct summands of P is n − 1. If there is an indecomposable object X ∈ per A such that P ⊕ X is a silting object, then X is called a complement of P . In general, an almost presilting object may have infinite complements.
Let Q = X ⊕ P be a basic silting object with X indecomposable. Consider the
where f is a minimal left add P -approximation of X. It has been shown in [4] that Y ⊕ P is a basic silting object and called the left mutation of Q with respect to X.
Dually, if we consider the triangle induced by a minimal right add P -approximation of X, we obtain the right mutation of Q with respect to X.
A silting object Q ∈ per A is 2-term silting if there is a triangle
Denote by 2-silt A the set of isomorphism classes of 2-term silting objects of per A.
The following has been established in [3] .
Theorem 2.3. Let A be a finite-dimensional algebra over k.
(1) Let P be an almost 2-term silting object in per A, there exists exactly two indecomposable objects X, Y such that P ⊕ X and P ⊕ Y are 2-term silting objects in per A; Moreover, P ⊕ X and P ⊕ Y are related by a left or right mutation; (2) There is a bijection between sτ -tilt A and 2-silt A given by
is the support τ -tilting pair. 
D is called the heart of (U ≤0 , V ≥0 ), which is an abelian category with the exact structure induced by the triangles of D. Moreover, for any X, Y ∈ A, we have
The triangles in (3) are canonical and yield endofunctors τ ≤0 and τ ≥1 of D such that τ ≤0 X = U X and τ ≥1 X = V X . The functors τ ≤0 and τ ≥1 yield a family of cohomolgoical functors
Moreover, for each X ∈ D, we have a family of triangles
The following is a consequence of the bijection between silting objects and bounded t-structures studied in [26] .
Lemma 2.4. Let A be a finite-dimensional k-algebra and D b (mod A) the bounded derived category of finitely generated right A-modules. Let (U ≤0 , V ≥0 ) be a bounded t-structure with length heart on D b (mod A) and A the heart associated to (U ≤0 , V ≥0 ).
Then there is a silting object T ∈ per A such that mod End A (T ) ∼ = A.
2.4.
Negative dg algebra associated to a silting object. Recall that A is finite-
∈ per A be a silting object with indecomposable direct summands T 1 , · · · , T n and Γ = RHom A (T, T ) the dg endomorphism algebra of T . By the definition of silting object, we know that the homology groups H is the endomorphism algebra of T in per A. 
where P ∈ per Γ and X ∈ D f d (Γ). For any X ∈ D(Γ), t ∈ Z, we clearly have Recall that T is a silting object in per A, we have an equivalence
and hence an equivalence between D(Γ) and
Since Γ is a finite-dimensional negative dg algebra, there is a standard t-structure
induced by the homology. More precisely,
This t-structure restricts to the standard t-structure (D
be the heart of the t-structure (D
are all the simple objects of A. If T is a 2-term silting object, by Theoerem 2.3 and 2.2, there is a support τ -tilting module and a funtorially finite torsion class corresponding to T . We have the following characterization of A by torsion pair, which is a consequence of the bijections investigated in [26] (cf. also [6] ), for completeness and later use, we include a proof. 
consider the following triangle induced by the standard t-structure (
Applying the functor Hom A (T, ?) yields the long exact sequence
We have Hom A (T, Σ i τ ≤−2 X) = 0 for all i since Hom A (T, Σ i X) = 0 for all i = 0.
Recall that we have thick(T ) = per A, which implies that
As a consequence, X ∼ = τ ≥−1 X ∈ ΣC ≥0 . Now consider the triangle
applying the functor Hom A (T, ?) to the triangle yields a long exact sequence
Again one can show that Hom A (T, Σ i τ ≥1 X) = 0 for all i, and hence τ ≥1 X = 0 in
which implies that H i (X) = 0 for i = 0 or −1.
By the standard t-structure (C ≤0 , C ≥0 ), for each X ∈ A, we have the following
Applying Hom A (T, ?) to the exact sequence, one can show that Hom A (T, ΣF H 0 (X) ) = 0. Recall that we also have
This finishes the proof.
3. c-vectors and its sign-coherence
Definition of c-vectors.
Recall that A is a finite-dimensional algebra over k and n is the number of non-isomorphic simple A-modules. Let G 0 sp (add A) be the split Grothendieck group of finitely generated projective A-modules. For a given
It has been proved in [3] that different τ -rigid A-modules have different indices and hence different g-vectors.
For a given basic support τ -tilting pair (M, P ) with decomposition of indecom-
, we have the following G-matrix of (M, P )
We know from [3] that for any basic support τ -tilting pair (M, P ) the G-matrix G (M,P ) is invertible over Z. Inspired by the tropical duality between g-vectors and c-vectors in cluster algebras, we introduce the C-matrix of a basic support τ -rigid pair (M, P ) to be the inverse of the transpose of the G-matrix G (M,P ) , i.e.
Each column vector of C (M,P ) is called a c-vector of A and denote by cv(A) the set of all the c-vectors of A.
Remark 3.1. Let C be a 2-Calabi-Yau triangulated category with a cluster-tilting object T which admits a cluster structure in the sense of [7] . Let A = End C (T ) be the endomorphism algebra of T . Let cv 0 (A) be the subset of cv has either all entries nonnegative or all entries nonpositive. A non-zero vector in Z n is positive (resp. negative) if all components are nonnegative (resp. nonpositive).
The sign-coherence phenomenon holds for this general setting.
Theorem 3.2. Let A be a finite-dimensional algebra over k. Then each c-vector of A is sign-coherence.
Proof. Let S 1 , · · · , S n be all the pairwise non-isomorphic simple A-modules and P 1 , · · · , P n the corresponding projective covers of
and G 0 (D b (mod A)) be the Grothedieck groups of per A and D b (mod A) respectively.
It is clear that [ 
It is clear that the functor F induces an isomorphism of bilinear forms such that the following diagram is commutative
Note that the column vectors the G-matrix associated to (M, Q) is the dimension The following result is a consequence of the bijection between 2-term silting objects and 2-term simpleminded collections investigated in [6] . In order to avoid more notations, we give a proof using the mutation of silting objects.
Theorem 3.4. Let A be a finite-dimensional algebra over k. We have cv
Proof. We show the inclusion − cv 
Γ T ′ -module, which contradicts to Proposition 2.5.
Therefore T ′ has to be the left mutation of T and there is a triangle
Applying the functor Hom A (?, M), we obtain a long exact sequence For any X ∈ mod A, let
be a minimal projective resolution of X, its transpose Tr X ∈ mod A op is defined by the following exact sequence 
c-vectors and dimension vectors
For an algebra A, let dv(A) be the set of dimension vectors of indecomposable A-modules. By Corollary 3.3, we know that each positive c-vector can be realized as the dimension vector of an indecomposable A-module, that is, cv
However, the inverse inclusion is not true in general. The aim of this section is to study the positive c-vectors for quasitilted algebras, representation-directed algebras and cluster-tilted algebras of finite type.
c-vectors of quasitilted algebras.
4.1.1. Hereditary abelian categories. We follow [27] . Throughout this section, let H be a hereditary abelian k-category with finite-dimensional morphism and extension spaces. As a consequence of finite-dimensional morphism space, H is a Krull-Schmidt category, i.e. each object of H is a finite direct sum of indecomposable objects with local endomorphism ring. We refer to [27] for examples and basic properties of hereditary categories.
Let D b (H) be the bounded derived category of H with the suspension functor Σ.
In particular, an exceptional object has to be indecomposable. The following fundamental result is due to HappelRingel [20] (cf. also [1, 27] ).
Lemma 4.1. Let E and F be indecomposable objects in H such that Hom D b (H) (F, ΣE) = 0. Then all non-zero homomorphism f : E → F is a monomorphism or epimorphism. In particular, each indecomposable E without self-extensions is exceptional.
Let C be a full subcategory of D b (H) and M an indecomposable object in C. A path in C from M to itself is called a cycle in C, that is a sequence of non-zero non-isomorphism between indecomposable objects in C of the form
The following result is a consequence of Lemma 4.1, which is crucial for our investigation of c-vectors for quasitilted algebras. 
non-zero and is neither a monomorphism nor an epimorphism, which contradicts to Lemma 4.1. On the other hand, if there is a monomorphism f i followed by an epimorphism f i+1 , we may consider the cycle M i
This cycle turns out to admit an epimorphism followed by a monomorphism, a contradiction. Hence all of the f i are either epimorphisms or monomorphisms.
Consequently, f 1 is an isomorphism, a contradiction. Proof. Let A be the heart of a bounded t-structure on D b (H) which is equivalent to mod A. We consider A as an object in D b (H) via the equivalence. We clearly have
Note that H is hereditary, Hom
Note that any cycle in the Gabriel quiver Q A induces an oriented cycle in add A. Now the result follows from Lemma 4.2.
Remark 4.4. In the above Corollary, if H is the category of finitely generated right H-modules for certain hereditary algebra H, then by Lemma 2.4, there is a silting
For any finite-dimensional k-algebra A, let τ dv(A) be the set of dimension vectors of indecomposable τ -rigid A-modules. The following result gives a lower bound of c-vector for algebras related to the hearts of bounded t-structures on D b (H).
Proposition 4.5. Let A be a finite-dimensional k-algebra such that mod A is equivalent to the heart of a bounded t-structure on D b (H). Then we have τ dv(A) ⊆ cv + (A).
Proof. We need to prove that for any indecomposable τ -rigid A-module M, dim M ∈ cv + (A). Since M is τ -rigid, the subcategory Fac M is a functorially finite torsion class. Let P = P (Fac M) be the one copy of each indecomposable Ext-projective object in Fac M. We may write 
. By Happel's theorem [19] , if H is a connected hereditary abelian k-category with finite-dimensional morphism and extension spaces which admits a tilting complex, then H is derived equivalent to the category mod H for certain finite-dimensional hereditary k-algebra or to the category coh X of coherent sheaves over a weighted projective line [17] .
Note that when H is the category mod H for some finite-dimensional hereditary kalgebra, the endomorphism algebra of a tilting module in mod H is called a tilted algebra [5, 20] . In particular, tilted algebras are quasitilted. Let A be a finite-dimensional k-algebra which is derived equivalent to H. .Moreover, the simple dg Γ-module S is a simple object in the heart A of the standard bounded t-structure (D
. Therefore A is equivalent to the heart of a bounded t-structure on D b (H). On the other hand, we have A ∼ = mod End A (T ). Hence If A is a finite-dimensional hereditary algebra over k, then we clearly have τ dv(A) = exdv(A). Hence we obtain the equalities for acyclic cluster algebras established by Chávez in [11] .
Corollary 4.7. Let A be a finite-dimensional hereditary algebra over k. Then we have cv + (A) = exdv(A).
Quasitilted algebras.
Let A be a quasitilted algebra. By definition, there is a hereditary abelian k-category H with a tilting object T ∈ H such that A ∼ = End H (T ).
In this case, the category mod A of finitely generated right A-modules has a nice interpretation via torsion theory of H.
Let T (resp. F ) be the full subcategory of H consisting of all objects X (resp. Y ) of
be the triangle equivalent functor. Then the standard t-structure (
T ) via the functor F (cf. Section 2.4). Moreover, mod A is equivalent to the heart A of (D Proof. We need to prove the dimension vector of each indecomposable A-module is a positive c-vector. Let M be an arbitrary indecomposable A-modules. Consider the torsion class Fac M generated by M, which is a functorially finite torsion class.
Let N := P (Fac M) be the direct sum of one copy of each of the indecomposable Ext-projective objects in Fac M. We clearly have M ∈ add N. By Theorem 2.2, we deduce that N is a support τ -tilting A-module. Equivalently, there is a projective A-module P such that (N, P ) is a support τ -tilting pair. Let T be the corresponding 2-term silting complex and Γ the negative dg algebra of T . Let G := RHom A (T, ?) : Note that an algebra derived equivalent to a representation-finite hereditary algebra has to be a representation-direct algebra. We have the following special case of the above theorem. Reiten translation functor. The cluster category C H has been introducedd in [9] as the orbit category
It admits a canonical triangle structure such that the projection π H :
• Σ is a triangle functor [21] . An object T in C H is called a cluster-tilting object provided that
• Hom C H (T, ΣT ) = 0;
Let n be the number of pairwise non-isomorphic simple H-modules. Each basic cluster-tilting object in C H has exactly n indecomposable direct summands. The endomorphism algebra End C H (T ) of a cluster-tilting object T ∈ C H is a cluster-tilted algebra of type H [8] . It is known that cluster-tilted algebras are 1-Goresentein algebras. Moreover, the functor Hom C H (T, ?) :
, where C H /ΣT is the additive quotient of C H by the morphism factorizing through ΣT (cf. [8, 24] ). Proof. It is easy to see that there is a cluster tilting object
we deduce that N A := Hom C H (T, T M ) is a support τ -tilting A-module. Let P be the 2-term silting object corresponding to N A . A direct calculation shows that
In particular, dim Hom C H (T, M) is a positive c-vector of A by Corollary 3.3.
Note that for a representation-finite hereditary algebra H, each H-module is a preprojective module. As a consequence, we recover the following equality of cvectors for skew-symmetric cluster algebras of finite type in [12] . Elements of the cluster x are cluster variables of the seed ( B, x).
For any 1 ≤ k ≤ n, the seed mutation of ( B, x) in the direction k transforms ( B, x)
, where
• the cluster
It is clear that mutation in a fixed direction is an involution. The cluster algebra with coefficients A( B) = A( B, x) is the subalgebra of F generated by all the cluster variables which can be obtained from the initial seed ( B, x) by iterated mutations.
If m = 2n and the coefficient part of B (that is the submatrix formed by the last m − n rows) is the idnetity matrix E n , then A( B) is a cluster algebra with principal coefficients.
Let T n be the n-regular tree, whose edges are labeled by the numbers 1, 2, · · · , n so that the n edges emanating from each vertex carry different labels. A cluster pattern is the assignment of a seed ( B t , x t ) to each vertex t of T n such that the seeds assigned to vertices t and t ′ linked by an edge labeled k are obtained from each other by the seed mutation µ k . A cluster pattern is uniquely determined by an assignment of the initial seed ( B, x) to any vertex t 0 ∈ T n .
Let A( B) be a cluster algebra with principal coefficients. We fix a cluster pattern of A( B). For any t ∈ T n , let C t be the coefficient part of the matrix B t . Each column vector of C t is called a c-vector of A( B). It has been conjectured that each c-vector of A( B) is sign-coherence. The following positive answer has been established in [14] for skew-symmetric cluster algebras. We refer to [28, 32] for two alternative proofs.
Theorem A.1. Let B be a 2n × n integer matrix whose principal part is skewsymmetric and whose coefficient part is the identity matrix E n . Then each c-vector of the cluster algebra A( B) is sign-coherence.
We shall give a direct proof basing on Proposition 6.10 of [16] in the end of this section.
A.2. Quivers with potentials and mutations. We follow [13, 22] . Let Q = (Q 0 , Q 1 ) be a finite quiver, where Q 0 is the set of vertices and Q 1 is the set of arrows.
Let kQ be the path algebra of Q and kQ its completion with respect to path length.
Thus, kQ is a topological algebra and the paths of Q form a topological basis. The Let (Q, W ) be a quiver with potential and k a vertex of Q. With certain mild condition for (Q, W ) at the vertex k, Derksen-Weyman-Zelevinsky [13] introduced the mutation of (Q, W ) in the direction k which transforms (Q, W ) into a new quiver with potential µ k (Q, W ) = (Q ′ , W ′ ) (for the precisely definition, we refer to [13] Let Q be a finite quiver without loops nor 2-cycles with vertex set Q 0 = {1, 2, · · · , m}.
We define an m × m integer matrix B(Q) assoicated to Q such that b ij = |{arrows from vertex i to vertex j}| − |{arrows from vertex j to vertex i}|.
Conversely, for a given integer skew-symmetric matrix B, there is a unique quiver Q without loops nor 2-cycles such that B(Q) = B. Let W be a non-degenerate potential on Q. We may assign each vertex t ∈ T m a quiver with potential (Q t , W t ) which can be obtained from (Q, W ) by iterated mutations such that the quivers with potentials assigned to t and t ′ linked by an edge labeled k are obtained from each other by the mutation µ k . By Propostion 7.1 in [13] , if (Q t , W t ) and (Q t ′ , W t ′ ) are linked by an edge k, then we have B(Q t ) = µ k (B(Q t ′ )).
A.3. Ginzburg dg algebras and derived equivalences. Let Q be a finite quiver and W a potential on Q. The Ginzburg dg algebra Γ (Q,W ) of (Q, W ) introduced by Ginzburg [18] is constructed as follows: Let Q be the graded quiver with the same vertices as Q and whose arrows are
• the arrow of Q, which are of degree 0;
• an arrow a * : j → i of degree −1 for each arrow a : i → j of Q;
• a loop t i : i → i of degree −2 for each vertex i of Q.
The underlying graded algebra of Γ (Q,W ) is the completion of the graded path algebra kQ in the category of graded vector spaces with respect to the ideal generated by the arrows of Q. In particular, the n-component of Γ ( • da = 0 for each arrow a of Q;
• d(a * ) = ∂ a W for each arrow a of Q;
• d(t i ) = e i ( a [a, a * ])e i for each vertex i of Q, where e i is the lazy path at i and the sum runs over the set of arrows of Q.
Let Q be a finite quiver without loops nor 2-cylces with vertex set {1, 2, · · · , m}
and W a non-degenerate potential on Q. Denote by Γ (Q,W ) the Ginzburg dg algebra associated to (Q, W ). Let k be a vertex of Q and Γ µ k (Q,W ) the Ginzburg dg algebra associated to µ k (Q, W ). Let e 1 , · · · , e m be the idempotents of Γ (Q,W ) and Γ µ k (Q,W )
assoicated to the vertices of (Q, W ) and µ k (Q, W ). Let D(Γ (Q,W ) ) and D(Γ µ k (Q,W ) ) be the derived categories of Γ (Q,W ) and Γ µ k (Q,W ) respectively. The following result is due to Keller-Yang [25] .
Theorem A.2. There is a traingle equivalence
which sends the e i Γ µ k (Q,W ) to e i Γ (Q,W ) for i = k and to the mapping cone of the morphism e k Γ µ k (Q,W ) → ⊕ k→j e j Γ (Q,W ) for i = k, where the sum is taken over the arrows in Q.
A.4. Proof of Theorem A.1. We fix a cluster pattern of A( B) by assigning the initial seed ( B, x) to the vertex t 0 ∈ T n .
Let Q = (Q 0 , Q 1 ) be a finite quiver without loops nor 2-cycles with vertex set Q 0 = {1, 2, · · · , n} such that B(Q) is the principal part of the initial matrix B. We define a new quiver Q such that the set of vertices Q 0 = Q 0 ∪ {1 + n, 2 + n, · · · , 2n}
and the set of arrows Q 1 = Q 1 ∪ {i + n → i|i ∈ Q 0 }. Let W be a non-degenerate potential on Q. We may assign each vertex t ∈ T n a quiver with potential ( Q t , W t ) which can be obtained from ( Q, W ) by iterated mutations of µ k for 1 ≤ k ≤ n such that the quivers with potentials assigned to t and t ′ linked by an edge labeled k are obtained from each other by the mutation µ k . Let ( Q t 0 , W t 0 ) be the quiver with potential ( Q, W ). For each quiver with potential ( Q t , W t ), let B( Q t ) be the corresponding skew-symmetric matrix and B( Q t )
• the submatrix of B( Q t ) formed by the first n columns. Recall that for each vertex t ∈ T n , we have a seed ( B t , x t ) by the fixed cluster pattern. By Proposition 7.1 in [13] , we deduce that B( Q t ) • = B t for all t ∈ T n . Let C t = (c t ij ) ∈ M n (Z) be the coefficient part of B t , we cleary have c t ij = |{arrows from vertex i + n to vertex j}|−|{arrows from vertex j to vertex i + n}|.
Note that we have Hom D(Γ (Q,W ) ) (e i+n Γ (Q,W ) , e j+n Γ (Q,W ) ) = 0 for any 1 ≤ i = j ≤ n.
It follows from Theorem A.2 that there is no arrow between vertex i + n and j + n in the quiver Q t for any t ∈ T n . Suppose that there is a vertex t ∈ T n such that the kth column vector of C t is not sign-coherence. Hence there exist vertices i + n and j + n for 1 ≤ i = j ≤ n such that c t ik > 0 and c t jk < 0. Now consider the mutation at vertex k, we obtain that in the quiver with potential µ k ( Q t , W t ) there are c t ik × c t jk
arrows from i + n to j + n, a contradiction.
